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SOME CURVATURE PROPERTIES OF LOCALLY
CONFORMAL KAHLER MANIFOLDS
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IZU VAISMAN

ABSTRACT. Curvature identities and holomorphic sectional curvature of locally
conformal Kahler manifolds are investigated. Particularly, sufficient conditions for
such manifolds to be globally conformal Kahler are derived.

In [2], A. Gray showed the importance of various curvature identities in the
geometry of the almost Hermitian manifolds. It is therefore to be expected that
such identities should play some role in the geometry of the locally conformal
Kdhler (1.c.K.) manifolds [4]), [5], too. Particularly, we can ask whether such
identities could characterize the Kihler manifolds in the class of the 1.c.K. mani-
folds and we want to give here a theorem of this kind. We shall also obtain
information about the Kdhler-nullity distribution [2] and about the holomorphic
sectional curvature of the l.c.K. manifolds.

1. L.c.K. manifolds. A. Gray studied in [2] various curvature identities which
could appear in the almost-Hermitian geometry. As usual, we are working in the
C*®-category, and we shall denote by M?" (n > 1) the manifold, by J its complex
structure, by g the Hermitian metric and by Q(X, Y) = g(X,JY) (X, Y, ... are
always vector fields on M) its fundamental form. We refer, for instance, to [3] for a
detailed exposition of the almost Hermitian geometry.

Now, if £ is some class of almost-Hermitian manifolds, Gray defines the classes
£, (i = 1, 2, 3) as its subclasses characterized respectively by the identities [2]:

(D) Ryyzw = Ryyuzyawy

@ Ryyzw — Ruxyurizw = Ruxyvuzyw = Ruxyrzuw) = 0,

(3) Ryyzw = R(JX)(JY)(JZ)(JW)’
where R is the curvature tensor of the Levi-Civita connection V of g. It is known

that for every £ one has £, C £, C £, C £ and that the class K of the Kihler
manifolds satisfies all of the relations (1), (2), (3) [2].

Particularly, if we denote by CK the class of the l.c.K. manifolds, we can speak
of the classes CHK, (i = 1,2, 3) and we shall investigate some relations between
these classes.

But, before doing this, we recall some properties of the manifolds of €K and we
establish some useful results including the determination of their Kihler-nullity
distribution [2]. More about this subject can be found in [5].
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First, an almost-Hermitian manifold M is l.c.K. iff

[J, J]=0, dQ =w N\ %, (1.1)
where [J, J] is the Nijenbuis tensor of J [3] and
w=[1/(n—1)]8Q°J=[1/(n—l)]AdQ (1.2)

is the so-called Lee form and is closed (8 is the codifferential and A = i()).
Since w is closed, we have locally w = do and
g =e’ (1.3)
are the local conformal Kihler metrics of g. One can see that the Levi-Civita
connection of the metrics g’ define a global connection V on M, which is given by
VY =V, Y —1o(X)Y - 30(Y)X +1g(X, Y)B, (1.4)

where B is the contravariant field of  called the Lee field. We call ¥ the Weyl
connection and it is shown in [6] that the conditions (1.1) are equivalent with

VyJ =0. (1.5)
Of course, V is no more an almost complex connection and we have

(ViI)Y) = —3g(X, Y)A — 39X, Y)B +30(Y)X —1(Y)X, (1.6)

where
0=w-°J, A= —JB. (1.7)
As a consequence, we see that
(X, ¥) = —2u((VxJ)(Y)) (1.8)
is an exterior 2-form on M and satisfies
® =02 —wASb. (1.9)

To get another interesting expression of this form, we consider
LpQ = i(B)dQ + di(B)Q = i(B)(w A\ Q) + b,
which gives
Ly =|0|’Q — 0 A\ 8 + db, (1.10)
and therefore
O = L,Q — db. (1.11)
In [2], the Kdhler-nullity distribution is defined as the function m > ¥ (m)
sending every m € M to
KH(m)={X € T,M/(VyJ)(Y)=0forall Y}. (1.12)
Clearly, this may have singular points.

In our case, we prove

ProposITION 1.1. If M € CXK, the Kdhler-nullity distribution (M) is equal to
the annihilator of the 2-form ®. Its singular points are the vanishing points of w and at
such a point K.(m) = T, M. At every nonsingular point m, X.(m) is two-dimensional
and is generated by A and B.
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PROOF. It is clear from the definitions of H (M) and ® that H (M) is included in
the annihilator, Ann ®, defined by the X satisfying ®(X, Y) = O for every Y.

Now, if at m € M, w(m) = 0, we have Ann,, ® = T,,M and, at the same time,
from (1.6), X (m) = T,,M. Le., K (m) = Ann,, ® as stated.

If, on the contrary, w(m) # 0, we note first that 4 and B belong to both K (m)
and Ann,, ®, which is an easy consequence of (1.6) and (1.8). On the other hand,
we can see that rank,, ® = 2(n — 1). In fact, since 4 and B are linearly indepen-
dent and belong to Ann ®, we have rank ® < 2(n — 1). But if we had rank ® <
2(n — 1), (1.9) would imply rank € < 2n, which is false. This shows that Ann,, ®
C K (m) and we are done.

It is also worthwhile to consider the complementary orthogonal distribution
H+ (M) of K (M) and we call it the Kahler distribution of M. If & #* 0 everywhere,
K+ (M) has the equations

w=06=0. (1.13)

2. Curvature identities. We go over now to curvature considerations. These will
be based on the relation between the curvature tensor of the connections V and V,
which is familiar in conformal Riemannian geometry. Namely, from

Ryy =VxVy = VyVx = Vixy
and from (1.4) we get
RyyZ = Ry Z = 3{[(Vx0)(Z) +30(X)(Z) | Y
—[(Vy)(Z) +36(Y)e(Z) | X
—8(Y,Z)[ VB +30(X)B] + g(X, Z)[ VyB + ju( Y)B]}
— (l«f*/8){&(Y, Z2)X — g(X, Z)Y}. (2.1)
Put
L(X, Y) = (Vya)(¥) + ta(X)a(Y) = g(VxB, ¥) +1a(X)u(Y),  (22)
where the last equality follows from (V,g)(B, Y) = 0.

Since w is closed, L is a symmetric 2-tensor and, by scalar multiplication of (2.1)
by W, we get the well-known formula [1]

€’Ryyzw = Ryyzw _%{L(X’ Z)g(Y, W) — L(Y, Z)g(X, W)
+L(Y, W)g(X,Z)-L(X, W)g(Y, Z)}
— (jo/9){ &(Y, Z)g(X, W) - g(X, Z)g(Y, W)}, @.3)

where R’ is the curvature tensor of the local Kahler metric g’ = e™°g.

TueoreM 2.1. () If M € CK, is compact, then M is a Kahler manifold. If
compactness is replaced by the condition div B < 0, the same conclusion prevails.

(i) CK, = CX; [2], and every manifold of this class for which either B is analytic
or the trajectories of A and B are geodesic lines is a Kahler manifold.
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ProOOF. (i) We replace in (1) of §1 the tensor R by the help of (2.3) and use the
fact that R’ is the curvature of a Kdhler metric, hence it satisfies the same identity
(1). If in the obtained relation we go over to local components we get

8eLi — 8ieLy + 8L — gL + (|“’|2/2){ 8ix8ie — gikgje}
= QjeJI:Lsi - QieJI:sz + QikJ:L.y' - ijJ:in
+ (|“"2/2){ij9ie - Qikgje}‘ (24)

Next, we contract (2.4) with g’z and use the relation between g, J,  as well as
the Hermitian character of g. We shall obtain thereby

2g7L; = njw|’. (2.5)
Finally, replacing L; from (2.2) yields
2divB — (n— > =0, (2.6)

which proves directly that M is Kihler (w = 0) if div B < 0, and proves the same
result by integrating over M, if M is compact, since f,, div B = 0.
(ii) In a similar manner, we find the following characteristic relation of C%;:

gikPje - gjkPie - gierk + gjePik = 0’ (2'7)
where the tensor P is defined by
P(X,Y) = L(X,Y) — L(JX,JY). (2.8)

Now by contracting in (2.7) with g* and next, in the resulting relation, with g’*,
we see that (2.7) is equivalent with P = 0, i.e. C X, is characterized by

L(X,Y)=L(JX,JY) 2.9
(L is a Hermitian form).
Furthermore, we get similarly for the class X, the characteristic relation

gjeP ik g_[kP ie + gem‘, im‘,jsP sk gkm"um"]’P e = O’ (210)
which obviously yields CH; C CXK, and, since also CK, C CHK;, we are done for

the first assertion of (ii). (See also Theorem 5.1 of [2].)
Finally, let us take M € CXj, i.e. satisfying (2.9) or equivalently (see (2.2)),

g(VyB,Y) — g(V,xB,JY) +10(X)w(Y) —30(X)0(Y) =0.  (2.11)
Here we shall use
VixB =Vg(JX) —[B,JX] = (VI )(X) + J(VpX) — [B,JX]
=J(VgX) —[ B, JX],
where the last equality is valid since, by Proposition 1.1, B belongs to the

Kihler-nullity distribution K (M).
As a consequence, (2.11) becomes

g([ B, JX] = J[B, X],JY) + 3 (o(X)(Y) = 6(X)8(Y)) = 0. (2.12)

If B is an analytic vector field, (2.12) gives w(X)w(Y) = 8(X)0(Y), which is easily
seen to hold iff w = 0, i.e. in the case when M is Kihler.
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As for the last statement of the theorem, note that for X = B, (2.12) reduces to
g([B, A],JY) = (|o*/2)a(Y) = (|o]*/2)g(B, Y), (2.13)
whence 2J[B, A] = — |w|*B or
[4, B] = (|«*/2)4. (2.14)

In other words, the Kdhler-nullity distribution of M € CXj is integrable.
But (2.14) means
(lf’/2)A =V B — VA =V (JA) + V5(JB) = J(V,A + VB),
since both 4 and B belong to the Kihler-nullity distribution of M.

Hence, if the trajectories of 4 and B are geodesic lines we have 4 = 0, i.e. w = 0.
Q.E.D.

ReEMARKS. (1) Of course, for M to carry a Kihler metric, it suffices that the
hypotheses of Theorem 2.1 be satisfied for a metric which is globally conformal to
the given one.

(2) The basic example of the Hopf manifolds H € CK [5], [6] shows that the
class CH, is strictly included in CK. Indeed, in this case, B is analytic but the
manifold is not Kihler whence, by the above Theorem 2.1, we have H € C X,
and, of course, H € CK, (i = 1,2, 3).

(3) It seems to us that there is no chance to find a curvature identity for the class
CH which would be simpler than the general Hermitian identity of [2]. However
this is still an open problem.

3. Holomorphic sectional curvature. In this section, we shall derive some informa-
tion about the holomorphic sectional curvature (h.s.c.) of an l.c.K. manifold and we
begin by

PROPOSITION 3.1. Let M be a complete l.c.K. manifold and assume that its h.s.c.
satisfies the condition

Kyuxy > (jo*/4) + & (3.1)

for some & > 0. Then M is compact simply connected and, hence, globally conformal
Kahler.

Proor. This is a straightforward consequence of Theorems 8.1, 8.2 of [2], which
say that a complete almost-Hermitian manifold for which

Kyuxy = (VDX 1X] 74 > 8 >0,

is compact and simply connected. (See [2], [3] for the definition and the notation of
the holomorphic sectional curvature Ky y,.)
In our case, we have from (1.6)

(xNCOFX]™ =3 {j6l” = ([« ] +[8C)])1 X177} (3-2)

which leads to the fact that M is compact simply connected. Hence  is an exact
form and this implies also that M is globally conformal Kahler [2].
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Further information will be contained in

THEOREM 3.2. Let M be an l.c.K. manifold with metric g and local Kdihler metrics
g'. Then

(i) if the metrics g’ have nonpositive h.s.c. and if for every X, dd(X, JX) < 0, g has
also nonpositive h.s.c.,

(ii) if the metrics g’ have nonnegative h.s.c. and if for every X, (LgQ0)(X,JX) > 0,
g has also nonnegative h.s.c.,

(iii) if the hypotheses of (ii) are strengthened by asking that for all X,

(LsR)(X, JX)|X| 7> > 8 >0,
then M is a compact simply connected globally conformal Kihler manifold.

PROOF. A straightforward application of formula (2.3) yields

2
_ J%L + LX. X) + LUX, JX)

e °Kyuxy = Kxux) 2|X|2 (3.3)
where K’ is the sectional curvature of g’.
Consider
AMX,Y)=L(X,JY) - L(JX, Y), (3.4)
which is a 2-form because of the symmetry of L. This is interesting since we have
L(X, X) + L(JX,JX) = —\(X, JX). (3.5)

From (3.4), it follows
MX, Y) = (Vx0)(JX) — (Vxe)(Y) +3(0 A 0)(X, Y),
where we shall: (a) explicitate the first term, (b) replace the second term by
—(Vyw)(JX) and explicitate, and (c) replace
Vx(JY) = (VJ)(Y) + J(VxY), Vy(IX) = (VI )(X) + J(VyX).

These operations lead to

A=dd +30 N0+ @, (3.6)
where ® is defined by (1.8). Or, using formula (1.9), we obtain
A=|of’R 20 A0+ db. 3.7

Now, if we use (3.2), (3.3), (3.5) and (3.7), we get
e~ Kyuxy = Kxuxy +|(Vx)(X)P|X| ™% — d0(X, JX) /2| X|? (3.8)
and, clearly, this formula proves (i).
Next, replace @ of (3.6) by (1.11). We get
A= L2+ %w N0, (3.9)
whence
e~ "Kyxy = Kxaxy = [(V NXP1X| ™ = (Ls@)(X, IX) /21X, (3.10)
which clearly proves (ii) and, in view of Theorems 8.1, 8.2 of [2], it also proves (iii).
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COROLLARY 3.3. Let M be an l.c.K. manifold with absolutely parallel Lee form.
Then, if the local metrics g’ have nonnegative h.s.c., the metric g also has nonnegative
h.s.c. Particularly, this is true for the Hopf manifolds.

Proor. It follows from [6] that for such manifolds Ly = 0 so that the statement
follows from part (ii) of Theorem 3.2.
REMARK. By (3.10), we have for the Hopf manifolds,

Ky = (V)X %],
and since these are not simply connected, it follows that the inequality of [2,
Theorem 8.3] cannot be strengthened by > 0.

More information can be obtained for those l.c.K. manifolds for which the local
Kihler metrics g’ have constant h.s.c. Namely, we have

THEOREM 3.4. Let M be a connected l.c.K. manifold and assume that all its local
Kdhler metrics g’ have the same constant h.s.c. k. Then, either k = 0 or M is globally
c.K. In the first case, the supplementary hypothesis that the metric g of M has
pointwise constant h.s.c. # — |w|?>/4 in at least one point assures again that M is
globally ¢ K.

Proor. Under the hypothesis, it is known that the curvature tensor of g’ is given
b
’ Riyzw = — (k/9){8'(X, Z)g'(Y, W) — g (X, W)g'(Y, Z)
+ g'(X,JZ)g'(Y,JW)
—-g(X,IW)g(Y,JZ)+2g'(X,JY)g(Z,JW)}. (3.11)
Together with (2.3), this gives the following expression for the curvature tensor of
g
Ryyzw = %{L(X, Z)g(Y, W) — L(Y, Z)g(X, W)
+L(Y, W)g(X,Z) — L(X, W)g(Y, Z)}
+ (|]*/4){ 8(Y, Z)g(X, W) — g(X, Z)g(Y, W))
= (k/9e”*{g(X, Z)g(Y, W)
—g(X, W)g(Y, Z) + X, Z)QY, W)
—-Q(X, WY, Z) + 22(X, Y)UZ, W)}. (3.12)
Going over here to local coordinates by taking X = 9/9x’, Y =9/0x/, Z =
9/9x*, W = 9/3x' and contracting by g’*g’' we get
n(n + ke ™ = R + (2n — 1)A — n(2n — 1)(|0*/2), (3.13)
where R is the scalar curvature of M and A = gL,
Formula (3.13) shows that if kK # 0, o is globally defined, which proves the first
statement of the theorem.

Next, suppose that k = 0 and compute, from either (3.12) or (3.3) the holomor-
phic sectional curvature of g. We get

Kyuxy =|*/4 + NX, JX) /2| X|*. (3.14)
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This shows that Ky, is pointwise constant (i.e. independent of X) iff, for every
X, one has

A(X, JX) = gg(X, X) (3.15)

for some real function ¢ on M.
Now, since L(X, Y) is symmetric, we easily get

AMX, Y) = L(X,JY) — L(JX, Y)
=3 {L(X +JY,X +JY) - L(X,X) — L(JY,JY)}
+3{LJX - Y,JX - Y) - L(JX,JX) — L(Y, Y)}
=3MX,JX) +3MY,JY) —3NX + JY, J(X + JY)),

whence we can see that (3.15) holds iff
AMX,Y) = —9X, Y) (3.16)

for all X, Y.
Le., in view of (3.7),

B -JoN0=y2 (v=—|of - ¢) (3.17)

Taking in (3.17) the exterior differential, we get, because of (3.17) and rank =
2n, that

&+ 3¢90 =0. (3.18)

Locally, we always have w = (2dr)/t for some function 7 # 0, which implies
from (3.18) that we have locally ¢ = ¢/7 with a constant c. Together with the
connectedness of M, this shows that either ¢ = 0 or y # 0 at every point.

In the last case we get w = — (2dy)/¢ which is a global relation and proves that
M is globally conformal Kibhler. In the first case, we get overall Ky, = — |w[*/4,
a case which is excluded.

This ends the proof of Theorem 3.4.

ReEMARK. If M is assumed compact, the hypothesis Ky.x, # — |w[*/4 is no
longer necessary. In fact, in the exceptional case ¢ = 0, we have by (3.17),
df =10 A b, ie., in view of (1.2), d6Q =3 e(w)d%. Here, we take the global scalar
product by £ and use also § = i(w)$2 [7]. This yields

(89,8Q) = — (1/2(n — 1))(82, §9),
whence 6§22 = 0,i.e,8 =0. Q.E.D.
Note. We learned later on that some properties of the manifolds in C ¥, have

been established by T. Kashiwada, Some properties of locally conformal Kdihler
manifolds (preprint).
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